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npMMeHa KOecPM4MjeHaTa CcPepHO-XapMoHMjcKor peseoie
OJIer O~'l.TIOBIlIi* , Jenena Fy-rennh", HBaH AJ1eKcnli**
Teooeiiicxa cny xctia
IIPHMEHAKOE<I>HUlIJEHATA C<I>EPHO-XAPMOHHJCKOr PA3BOJA Y nOCTYllKY
O,IJ:PEnHBAIbA <I>YHKUHOHAJIA AHOMAJIHJCKor nOTEHUHJAJIA
PE3I1ME
Y nocrynxy onpehanaaa <pym<UHoHaJIa aHOMaJIIIjcKor noremrajana, y OKBIIpy remove-restore MeTO~e
npBII xopax npencraarsa eJIIIMI1Hal..(l1ja zryrorarracaax KapaKTepIICTlIKa <pym<UHoHaJIa npIIMeHOM Koe<pliI..(l1jeHaTa
crpepno-xapaoirajcxor pasaoja rroremrajana ClUIe 3eMJblIHe Te:>Ke O~OCHO, npIIMeHoM rnooannor
reonoremrajannor MO~eJIa (ITM).
Y nocneznse ztse ~eI.(e~e pa3B~eHlI cy TlM sacoxor crerrena II peza, O~OCHO crerrena II pena 360,
xao IIITO cy MO~eJIII OSU9l (Ohio States University) II EGM96 (Earth Gravity Models). Hsaxosa npIIMeHa
06e36eljyje oI.(eHY nyroranacae xapaxrepncraxe <pym<UHoHaJIa aHOMaJIIIjcKor noreauajana ca Ta'lliornhy soja je
y cnusajy aHOMaJIIIjCKlIX BIIClIHa CHrypHO IIcno~ 1m.
Y OBOM pam npaxasaaa cy MaTeMa'fl1liKl1 MO~eJIII neonxomra sa Teop~cKo passrarpaa,e MO~eJIa, 3aTlIM
pexypaaoaa I13pa3II sa pa-rynaae JIe:>KaH.L(pOBlIX <pym<UHja BIICOKor crenena II pena, a nOMeHYTH ITM II
rrpaxrirnro cy npIIMeIbeHlI aa reparopajy nraper rronpysja rpazta Beorpana.
ABSTRACT
In the procedure of the determining functionally anomalic power, in the frame of the method remove-
restore the first step presents the elimination of the longwave characteristics of the functionally with the appli-
cation of the coefficients sphericharmonical development of the power gravity, respectively, to the application
globale geopotential model(GGM).
Over last two decade are developed GGM of the high degree and order, respectively of the degree and or-
der 360, as like what are the models OSU91(Ohio States University) and EGM96 (Earth Gravity Models). Their
application ensures the estimation of the longwave characteristics of the functionally anomalic potential with the
acctitude, that is in the case anomalic heights safely less then 1 metre.
In this work are presented mathematical models indispensables for theoretical consideration of the mod-
els, aftewards recurrent expressions to the computation of the Legandres functions high degree and order, and
mentioned GGM and practically are applied on the territory of the wider region of the town Belgrade.
YBO,IJ:
TIoTeHIJ:IIjaJI yopsarsa cane 3eMJblIHe Te)l(e
W MO)l(e ce rrpe):(CTaBlITII y 06JIIIKy 36Rpa
nOTeHI.(lIjaJIa y6p3alba CIIJIe 'rezce HOpMaJIHe
3eMJbe (HopMaJIHOr nOTeHI.(lIjaJIa) U II aHOMa-
JIIIjCKornOTeHI.(l1jaJIa T [5]:
C zrpyre crpane, nOTeHI.(l1jaJI W II U
Moryhe je ~eKOMrrOHOBaTIiy 06JIliKe
W=U+T. (1) (3)
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rra carJIaCHO ca 1 CJIe):(l1:
(4)
Teooeidcxa cJly:HC6a npnMeHa «oetpnunjener« CcjJepHO-XapMoHnjcKor peseoie
IIa ce aHOMaJIRjcKH IIoTeHUHjaJI MO)l(e npezr-
CTaBHTH H3pa30M:
rne je:
Vw - rroremrajan yopaarsa rpaBHTaUHOHe
CHJIe 3eMJbe.
<Dw - noreaunjan y6p3alba nerrrpadiyranae
CRJIe 3eMJbe
V;_, - IIoTeHURjaJI ytipsana rpaBHTaUHOHe
CHJIe HOpMaJIHe 3eMJbe,
<Du - rrOTeHUHjaJI y6p3aIba uenrpndryranae
CHJIe HOpMaJIHe 3eMJbe.
no ,a:e<pHHHunjH HOpMaJIHor IIoTeHUHjaJIa y
csaxoj Ta1fKH npocropa acrryrseno je cnenehe:
(5)
(6)
m - pe,a: crpepao-xapaouajcxor pasaoja,
»: 'Knm- Koe<pHUHjeHTH KOjH cnene H3 pa3BH-
jarsa IIoTeHuHjaJIa ~v y OpTOHOpMH-
pane crpepae xapMOHRKe,
- KoecPHUHjeHTH KOjR cnene H3 pa3BH-
jaisa ncremrajana Vu Y OpTOHOpMH-
pane CcPepHe xapMOHHKe,
P"m (COS 8) - OprOHopMRpaHH J1e~H,[(pOBH
IIOJIHHOMH
Pm" (I) ~ 2(2n + I)t m~! 2-" (1- t2)m/2
n+m !
~ ( l)k (2n - 2k)! n-m-2kf:o - k! (n - k) ! (n - m _2k)! t
(8)
me je: t = cos 8 .
CarJIaCHO reopesra Bpyaca YH)l.YJIaUHja reo-
ana N ,a:e<pHHHcaHaje penauajosr:
<IlYHKIJ;IlOHAJlll AHOMAJlIlJcxor
IIOTEHIJ;IlJAJlA Y <IlYHKIJ;IlJll
C<IlEPHllX XAPMOHllKA
(9)N=T
r
N(r,8,A) =
= ~~ f(~rt[(J~n -J;:'" )COS11lA +]P"m (cosO)) n=2 m=O +KnmSm11lA
.(10)
rne je r y6p3albe CHJIe reace HOpMaJIHe 3eMJbe
(HopMaJIHO y6p3aIbe), rra C 063RpOM na (7)
cnena:
KopHCTenH ce ,a:ecPHHHUHjaMa OCTaJIHX tPYHK-
UHOHaJIa (nozrpasyacsajyha KaO H Y IIperxO)l,HOM
cnyxajy crpepny arrpoxcauarrajy HHBOCKor eJIHII-
COMa TepeCTpH'iKOM cdepou) cnene H3pa3H pe-
,a:OM aa nopesrehaj yopaarsa, aHOMaJIHjy H KOM-
IIOHeHTe oncrynaisa BepTHKaJIa:
kM U) (aJnT(r,8,A) = -r-~ -; t; (8, A) ,
rne je:
T" (8, A) - IIOBpIIIHHCKa xapMOHHKa 06JIHKa
( ) ~ ~ [(i; -J::n )cosm).+] - ( )T; e. A ~ LJ _ Pnm case
m~O +KnmsinmA
(r, 8, A) - crpepae xoopztaaare ra-rxe y KOjoj ce
aHoM~cKH IIoTeHUHjaJI onpehyje,
kM - rrpOH3BO,a: rpaBHTaUHOHe KOHCTaHTe
H MaceTeJIa 3eMJbe,
a - BeJIHKa IIOJIYOCa ycsojeaor HHBOC-
xor eJIHIICOMa,
n - CTeIIeH cdepno-xapxoaajcsor
passoja,
KaKO cy IIoTeHUHjaJIH xapaoaajcxe <PYHK-
naje y npocropy BaH Maca cnezta M je H
rrOTeHUHjaJI T xapxioaajcxa <pyHKURja H zra ce
MO)l(e rrpencrannra y <pyHKUHjH C<pepHHX
xapMOHHKa [2]:
T(r,8,A) =
= kL~f t(~)n I[(J~m -J~;,,)cosmA+]P,.m(COSO)
n~2 m=O +Knmsl1l11l"A
(7)
O,a:HOCHO
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npHMeHa KOecjJH4HjeHaTa CcjJepHO-XapMoHHjcKor peseoje Teooeidcxa c.fIy:HC6a
er 1 00 ( R )"+18g=--=-~)n+l - Til (0,A) , (11)
ar r 11=11 r
c, .:«:~(!!-)" ~[(Jllm -Jc,;,.,)cosmA,+] P',m (cosO)
M r r LJ r LJ K . 1 00
r 11=2 ",=0 + nmSlnlnA
(13)
1 00 (R)"+1Sg =-I(n-l - J:,(O,A),
r 11=2 r
(12)
kM C£> ( JII 1111 = - N B L ~ L [-m (JIII1I - J~11I ) stnms + mK 11111cosms ] PIlI1l (cosO) ,
r yrcos 11=2 r 111=0
IIPHMEHA rJlOliAJIHHX
rEOIIOTE~HJAJlHHXMO~EJIA
(14)
OCHOBHH rryr KOjHM ce zronasa zro Bpe.nHOCT
m06aJIHHx KOMnOHeHTH <!>YHKnHOHarra aHOMa-
najcxor noreanajana je H3pa3 sa aaonanajcxa
noremmjan y <!>YHKlUIjH OPToHopMRpaHHx cdep-
HHX XapMOHHKa 17.
3aMeHoM 3HaKa 00Y 17.MaKCHMaJIHHM CTe-
neHOM rnooanaor rconoreanajanaor Mo.neJIa
N max' KaO H Hen03HaTHX .reopajcxax Bpe.nHOCTH
Koe<!>HUHjeHaTa J nm > K,un Koe<!>HUHjeHTHMa rno-
6aJIHor Mo.neJIa (eMnRpHjCKHX Bpe.ZJ;HOCTH) J ~m '
K ;m' .a;06Hja ce H3pa3 sa onpehaaasse rnooanae
KOMnOHeHTe aHOMaJIHjcKor noremrajana y
npoH3BOJbHOj TaqKH P xoja ce aanasa sa
<!>H3~Oj nOBpWH 3eMJbe:
(15)
Koednnrajeare HOpMaJIHOr rrorsa, C 063RpOM
aa IbHXOB pen BeJIHqHHe, .nOBOJbHO je Y3HMaTH y
063Rp saxrsyxao no OCMor creneaa passoja,
n =8.
• aHOMaJIHja y6p3aHta
Ha OCHOBy 15. H reopajcxa .ne<!>HHHCaHHX
O.ZJ;HOca aHOMaJIHjcKor noreauajana H rserosax
JIHHeapHHX <!>YHKlUIja cnezte H3pa3H aa rJI06aJIHe
KOMnOHeHTe <!>YHKnHOHarra. Ilpmrepa pa.ZJ;H:
(16)
• KOMnOHeHTa oncrynaaa BePTHKaJIe Y rrpasny MepH.ZJ;HjaHa [1]
• KOMnOHeHTa oncrynaaa BepTHKaJIe Y npasny rrpsor BepTHKaJIa [1]
(17)
'lGGM =
16
kM I (!!-)"![-m(J~ -J:':')sinmA +mK;m cosmA]Pnm(COSO).
Nrp' cos ¢ 11=2 r m=O
(18)
Feooeiiicxa c.ly:HC6a npl1MeHa KoecjJI1411jeHaTa CcjJepHO-XapMoHl1jcKor peseo]e
r JIOIiAJIHH rEOnOTEHIJ,HJAJIHH
MO.ll:EJIH EGM96 H OSU91A
fJI06aJIHH reOrroTeHUHjaJIHH MO.neJI EGM96
(Earth Gravitational Model 96) Lmja je OCHOBHa
HaMeHa rronpurxa soopnaaarnov CHCTeMY
rVGS8-1, KaO H npaueaa y acrpazotsan.aaa y
06JIaCTH oxeaaorpatpnje H reorpaaaxe, paasnjea
je on crpaae:
• 1Y.45:4 - National Aeronautics and Space
Agency, USA
• NIAi4 -- National Imagery and Mapping
Agency, USA
• OSU - Ohio State University, U.s:4
OCHOBHH rroztaun KOjH cy KopHIIIneHH npn
onpehasarsy Koe<pHUHjeHaTa crpepno xapnoaaj-
cxor passoja noremrajana ytipaaaa CHJIe 3eM-
JbHHe 'rezce cy pe3YJITaTH1 :
• onazearsarryrarsc xperarsa npexo
20 CaTeJIHTa,
• aJITHMerpHjcKHx pesynrara onaacarsa,
• pesynrara onaacatsa rpasmserpajcxax
npesrepa zrpacaaa xoje cy ycrynane
csoje nonarse aa xopanrherse ayropaaa
srozrena,
• ,IJ;OK ce sa onacasarse yruuaja rono-
rparpcsnx Maca KOpHCTHO m06aJIHH MO-
nen ronorparpcxax Maca (m06aJIHH zrara-
TaJIHH xronen repena) GTOPO, raxohe
passajea on crpane NIAIA.
CTerreH H pe,IJ; Mo.neJIa cy
N max = M max = 360, na je CarJIaCHO TOMe pe-
sonyunja aHOMaJIHjcKor noreauajana H rserosnx
naaeapanx (PYHKUHOHaJIa oztpeheaax KOpHIII-
nelbeM sronena 0.5 crerrena. Ynopeno ca
pa3BHjalbeM Mo.neJIa 1\:4.S:4 H NIAi4 cy OTBOpHJIe
H cny~eHY EGA196 HHTepHeT crpany ca xoje je
Moryne npcysera CBe rtortarxe KOjH cy
KopHIIIneHH npa paasajarsy Mo.nerra, KaO H caxr
xrozren KOjH je apXHBHpaH y 06JIHKy rexcryan-
He ztarorexe. Y .naTOTeUH Mo.neJIa sa CBaKH
nap Bpe)l;HOCTH ouetsenax Koe<pHUHjeHaTa
]~m' K,:m' ztara cy crerren H pen Koe<pHuHjeHaTa
KaO H onena IbHXOBHX CTaMap)l;HHX zteaajannja.
Jenaa zreo ziarorexe Mo.neJIa rrpaxasaa je aa
CJIHUH 1. Mozten yxynao canpzca 130676
Koe<pHUHjeHaTa H HCTO TOJIHKO onerseaax
Bpe)l;HOCTH IbHXOBHX craaaapnnax nesajanaja.
TaQHOCT aaonanajcxe BHCHHe onpehene KOpHIII-
nelbeM Mo.neJIa EGAJ96 y rrpOH3BOJbHoj raxxa
<pH3lfqKe rroBpIIIH 3eMJbe onerseaa je on crpaae
ayropa Mo.nerra. H H3HOCH 0.36m (CJIHKa 2.).
Ciueueu II pea Oueue auauOapaullx oeeujauuja
17 m
0 -0.484165371736E-03 0.000000000000£+00 0.35610635£-10 0.00000000£+00
1 -0.186987635955£-09 0.119528012031£-08 0.10000000E-29 0.10000000£-29
0.243914352398£-05 -0.140016683654£-05 0.':1373 9154E-10 0.54353269£-10
3 0.957254173792£-06 0.000000000000£+00 0.18094237£-10 0.00000000£+00
3 0.202998882184£-05 0.248513158716£-06 0.13965165£-09 0.13645882£-09
3 .904627768605£-06 -0.619025944205£-06 0.10962329£-09 0.11182866£-09
':)
.5 0.721072657057£-06 0.141435626958£-05 0.95156281£-10 0.93285090£-10---'
4 0 0.539873863789£-06 0.000000000000£+00 0.10423678£-09 0.00000000£+00
4 1 -0.536321616971£-06 -0.473440265853£-06 0.::35674404£-10 0.8.:2408489£-10
4 0.350694105785£-06 0.662671572540£-06 0.16000186£-09 0.16390576£-09
1 Ilonaua YJIa3e y npopasya 6e3 6HJIOKaKBHXXHnOTe3a
HJIH rrax pezryxrraja oztaxne CJIe!lH zta ce npHMeHOM xoe-
rpHUHjeHaTa crpepao-xapxroaajcxor pasaoja !106Hjajy spen-
accra aHOMaJIHjcKHx BHCHHa.
CJlUKa 1.: Ileo oamometce 2Jlo6aJlH02 eeo-
nomeuuujannoe .MOOeJla EGA196
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Cnuxa 2. Tauuocm auouanujcxux eucuua oopeheuux «opuiuheteeu ECM96 (epeouocm 0.36 em
oocmuxce ce npu «opuiahetey C(JUX xoeipuuujenama uooena)
rpa¢nqKH rrpHKa3 nOBpIllH KBa3HreORAa
onpehenor rrpHMeHoM Mo.n;eJIa EGM96 [4] sa
TepmopHjy Beorpaziarrpmcasan je na CJIlIIJ,H 3., a
OCHOBHH CTaTHCTlNKH noztaun na OCHOBy KOjHX
je CJIHKa 3. aanprana KaO H OCHOBHH crarnc-
TlNKH nozrann fJI06anHHX KOMnOHeHTaTa aHO-
MaJIHja cJI060,ZUIor saanyxa H KOMnOHeHaTa
aHOMaJIHja CJI060.n;Hor saanyxa H KOMnOHeHTH
oncrynarsa sepraxana npaxasaaa cy y Ta6eJIH I.
CTaruCTHKa SGGM ~gGGM ~GGM TlGGM
[m] [mga1] ["] ["]
Mameramra 43.20 1.79 -1.52 -2.03Bpe,lJ;HOCT
MaKCllMaJIHa 46.85 53.46 6.15 5.18Bpe,lJ;HOCT
Cpezusa 44.17 16.22 1.47 2.34Bpe,lJ;HOCT
Crannapana 0.69 9.99 1.58 1.91
.n:eBHjaUH.ia
Tatiena 1.: OCH08HU cmamucmuuxu nooauu rjJyHK-
uuonana aHOMOJlujcKo2 nomeuuujana oopeheuux
npUMeHOM ZJlO6anH02 eeonomeuuujannoe MOOeJla
EGM963a mepumopujy Eeoepao
Taxohe KOpHlIIlieH>eM HHTepHeTa, Ta'lJHHje
HHTepHeT crpaae Mehynapozmor ccpsaca sa
reORA (IGeS), (lAG, Cexnnja III. Mehyxaponna
KOMHcHja sa reORA XII), Morylie je npeysera HH3
rJI06aJIHHX reOnOTeHI.J;HOHaJIHHX Mo.n;eJIa KpeH-
paanx y rrpenxonaax HeKOJIHKO neucaaja osora
sexa on crpane pa3HHX ayropa.
Mozten RH. Rapa [3] H3 1991. rO,LUlRe
OSU91, creneaa je H peaa KaO H l\1O.n;eJI EGM96,
N max = M max = 360. Moaee ce peha zra je
OSU91 rOTOBO HCKJb)"IHBO xopamhea npn
ozrpeljasaa,y fJI06aJIHHX KOMnOHeHTH ¢YHKlUIO-
HaJIa aHOMaJIHjcKor noremrajana ya 06aBe3HY
CarJIaCHOCT ayropa Mo.n:eJIa, CBe no ny6JIHKO-
satsa srozrena EGM96 H Mo.n;eJI OSU91 nocraje
ztocryrraa sa CBe nOTeHlUIjaJIHe KopHcHHKe.
Ta-mocr aHOMa.JIHjcKe BHCHHe onpehene KOpHIll-
lieH>eM Mo.n;eJIa OSU9 J Y rrpOH3BOJbHOj Ta'IKII
¢H3W1Ke nospnra 3eMJbe oneiseaa je on crpaae
ayropa Mo.n;eJIa, H H3HOCH 0.60m.
rpa¢nqKH rrpHKa3 nOBpurnH KBa3HTeORAa
ozrpeheaor rrpaaenosr Mo.n;eJIa OSU91 [4] sa
.reparopajy Beorpana npaxasaa je aa CJllIlUI 4.,
xao H OCHOBHH CTaTHCTlNKH nenana rJI06anHHX
KOMnOHeHaTa rrpaxasana cy y Ta6eJIH 2.
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TeOOew.CKa C.flY:HCOa npHMeHa Koeqml..lHjeHaTa CcPepHO-XapMoHHjcKor pasBoja
CTarnCTIIKa C;GGM Sg GGAf ;GGM 'lGGM
[m] [mga1] ["] ["]
Mnmoranna 42.80 -3.50 -1.49 -3.52Bpe,WIOCT
MaKClfMaJIHa 47.52 74.56 9.59 7.66Bpe,WIocT
CpeJUha 43.59 9.14 1.31 2.09Bpe,WIOCT
CTaH,Uap,WIa 0.66 9.24 1.55 2.29,UeBlfja~a
Tatiena 2.: OCH06HU cmamucmuuxu nooauu rPYHK-
1/1I0HWW auouanujcxoe nomeuuujana oopehenux
npuuenost 2.rI06aJ1HOZ eeonomeuuujanuoe MOOeJW
OSU91 sa mepumopujy Beoepao
CTaTHCTlfKa fl.C; fl.(fl.g) fl.; fl.'l
[m] [mga1] ["] ["]
Mamnramra
Bpe,WIOcT -0.67 -21.10 -4.24 -5.40
MaKClfMaJIHa
spezmocr 1.14 27.16 2.82 2.78
Cpeznsa
Bpe,WIOCT 0.57 7.08 0.16 0.25
Tatiena 3.: OCH06HU cmamucmuuxu nooauu pasnuxa
2JlO6a.rtHUX KOAt1l0HeHmU PYHKl/uOHaJla auoseanujcxoe
nomeuuujana oopeheuux npuueuou EGM96 u
OSU91: fl.t = tEGAf96 - tOSU91 cmamucmuxe cy oope
heue ua OCHOBJ' 45801 pesynmama onaotcana
CJlUKa 3. Iloeptu «easueeouoa ua mepumopuju epaoa Beoepaoa onpeheaa xopamheaen
EGM96 (eKBHjHCTaHl(a a.lm)
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[]
CJlUKa 4. Iloeptu «easueeouoa 11a mepumopuju epaoa Beoepaoa onpeheaaxopanrheisea
OSU91 (eKBHjHcTaHUa O.lm)
YTIOPEnEIbE .ll:OliHJEHHX AHOMA-
JIHJCKHX BHCHHA CA YCJIOBHO
TAqHHM BPE.lJ:HOCTHMA
Ha reparopnja nmper LJ:eJIa rpana Beorpazia
(U,.KH Beorpazt) IIOCTOjH YKyIIHO 6 .raxaxa
Perpepearne GPS Mpe)l(e Perry6JIHKe Cpfinje
qJlje cy BHCHHe rrpaueaov reoxrerpajcxor
HHBeJIMaHa ozrpeheae y cHCTeMY HOpMaJIHHX
BHCHHa zrpyror HHBeJIMaHa BHCOKe Tat.IHOCTH.
lhHXOB rrpOCTOpHH pacnopen npaxaaan je na
CJIHlI,H 5.
CJlUKa 5. Pacnopeo mauaxa petpepenmue GPS
upeuie P.C.ua mepumopuju epaoa Eeoepaoa
uuje C:V eUCUHe npuueuou eeouempujcxoz
Huee.J1}..{QHa oopeheue y cucmeuy HOpMaJlHUX
eUCUHa opyzoe HUeeJIMaHa eUCOKe mauuocmu.
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I'eooeiiicxa c.rlyJtC6a npHMeHa KOecjJH/..lHjeHara CcjJepHO-XapMoHHjcKor pa3Boja
KopHCTehH p33nHKe BHCHHa ozrpehenax HH-
BenalbeM H eJIHIICOH,Zl,HHX BHCHHa IIoMeHYTHx
raxaxa Moryhe je y rpytioa carneztarn KBanH-
TeT anpoxcaaanaje aHOMaJIHjcKHx BHCHHa xoje
cnezte H3 rrpmreae rn06anHHX rconoreanajan-
HHX MO)l;ena EGM96 H OSU91 (raoena 4.).
13p. C;NVFII C;EGM96 C;OSU91 t1C;EGM 96 t1C;OSU91
[111] [m] [m] [111] [m]
R050 44.08 44.32 43.72 -0.24 0.36
R038 44.03 44.09 43.52 -0.06 0.51
R060 44.34 44.57 43.95 -0.23 0.40
R045 43.93 43.92 43.34 0.Ql 0.59
R047 43.98 43.88 43.30 0.11 0.69
R037 43.92 43.94 43.37 -0.01 0.55
Tatiena 4.: Auouanujcxe 6UCUlle mauaxa petpepeumue
GPS MpeJICe ua mepumopuju eKH Eeoepao u 1-bUX06a
ynopehetea ca epeouocmuua oopeheuuu U3 znoiianuux
eeonameuuujanuux ssooena EGM96 U OSU91
t1t = tNVTII - tGGM
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